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AN APPROACH TO NON-SIMPLY-LACED CLUSTER 

ALGEBRAS 

G. DUPONT 


Abstract. Let A be an oriented valued graph equipped with a group of ad¬ 
missible automorphisms satisfying a certain stability condition. We prove that 
the (coefficient-free) cluster algebra A{A/G) associated to the valued quotient 
graph A/G is a subalgebra of a quotient ■7r(A(A)) of the cluster algebra asso¬ 
ciated to A by the action of G. When A is a Dynkin diagram, we prove that 
A(A/G) and 7r(A(A)) coincide. As an example of application, we prove that 
afBne valued graphs are mutation-finite, giving an alternative proof to a result 
of Seven. 
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Introduction 

Cluster algebras were introduced in 2001 by Fomin and Zelevinsky in order to 
define a combinatorial framework for the study of total positivity in algebraic groups 
and canonical bases in quantum groups [T^. Since they have found applications 
in various areas of mathematics like combinatorics, Teichmiiller theory, Lie theory, 
Poisson geometry or representation theory. 

Most of the advanced results in the theory of cluster algebras come from cat- 
egorifications using cluster categories of acyclic quivers or preprojective algebras 
[a El [71 US]. Nevertheless, these categorifications are both mainly restricted to the 
case where the cluster algebra is simply-laced. 

If one wants to find similar results on non-simply-laced cluster algebras, a first 
approach would consist in using representation theory of species (see e.g. [saiMi 
|33l|22|). If this approach seems to be fully functional, it nevertheless asks to adapt 
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most of the proofs and does not enable to use directly the numerous existing results 
about simply-laced cluster algebras. 

In Kac-Moody-Lie theory, algebras associated to non-simply-laced diagrams are 
often studied as quotients of algebras equipped with a group of automorphisms 
(see [23j for example). In general, the study of non-simply-laced valued datas using 
simply-laced valued datas with automorphisms was developed bu Lusztig and Kac 
[571 [25 • This construction is also known to be fruitful at the level of representations 
of quivers |2j . One of the main interests of this method is that it allows to transport 
at the level of non-simply-laced datas results concerning simply-laced datas. 

In this paper, we use this construction of non-simply-laced diagrams in order 
to obtain results at the level of non-simply-laced cluster algebras using those con¬ 
cerning simply-laced cluster algebras. Thus, if A is a valued graph equipped with 
a group of admissible automorphisms G satisfying a certain stability condition, we 
prove that the cluster algebra associated to the quotient graph A/G is a subalgebra 
of a certain quotient of the cluster algebra .A(A) with respect to an action of G on 
the ring of Laurent polynomials containing the cluster algebra. 

Another approach, using Frobenius morphisms on species over finite fields was 
also developed by Yang pOj. It follows from results of Deng et Du that this method 
is actually related to the one we present here fTTUlA] . 

Note also that a general categorification of non-simply-laced cluster algebras us¬ 
ing quivers with automorphisms was recently developed by Demonet in the context 
of preprojective algebras mm- 

Figure [ 1 ] sums up the situation 


B G Mq{’Z) skew-symmetric, 
G < &q group 

|2lll27] 


dllfillSlIHlITKig... 

-. A{B) 

simply-laced 



BfG G MsiZ) skew-symmetrizable 


A{B/G) 

non-simply-laced 


[32l[3ll|33l[22l... 

Figure 1. From simply-laced to non-simply-laced cluster algebras 


The paper is organized as follows. Section [T] recalls all the necessary definitions 
and background. In section [51 we prove the main results of the paper (namely, 
Theorem l2.24l and Corollarv l2.25D with purely combinatorial methods. In sectionjSl 
we give an interpretation in terms of invariant objects in cluster categories whenever 
it is possible. Finally, in sectionjH we give an example of application to the problem 
of classification of valued graphs having a finite mutation class. 

1. Preliminaries 

1.1. Cluster algebras. A cluster algebra is defined from a skew-symmetrizable 
matrix, that is, a matrix B G Mq{Z) such that there exists a diagonal matrix 
D G Mq{Z) with non-negative entries such that DB is skew-symmetric. A seed 
is a pair {B,u) where B = (bij) G Mq(Z) is a skew-symmetrizable matrix and 
u = {ui,... ,Uq] is a set of indeterminates over Q. The matrix B is called the 
exchange matrix of the seed (B,u) and u is called the eluster of the seed (i?,u). 
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Given a seed {B, u) and an index k € {1,..., q}, the mutation of the seed in the 
direetion k is the new seed fik{B,u) = where B' = (5-^) £ Mq{'L) is given 

by 




-h. 


\{i = k ov j = k, 


bij + i {bik\bkj\ + \bik\bkj) otherwise, 
and u' = u \ {uu} LI {u^} where u'f. is related to Uk by the following exchange 
relation: 


UkUk = I I M. 

bik>0 


n + n 


,-bik 


bik<0 


We denote by Mut(i3,u) the set, called mutation class of (i?,u), of all seeds 
that can be obtained from (B,u) after a finite number of mutations. The seeds in 
Mut(i3,u) are called mutation-equivalent to (i?,u). We denote by Mut(i3) the set, 
called mutation class of B, of exchange matrices of seeds in Mut(i?,u). 

The (coefficient-free) cluster algebra with initial seed {B, u) is the Z-subalgebra 
A{B, u) of W = Q(ui,..., Uq) generated by variables in clusters occurring in seeds 
mutation-equivalent to (i?,u). In other words. 


A{B,u) = : X € c s.t. 3C £ Mq{7i) s.t. (C, c) £ Mut(i3,u)] C B. 

The clusters occurring in seeds in Mut(i?, u) are called the clusters of the cluster 
algebra A{B, u) and u is called the initial cluster. The variables occurring in 
the clusters are called cluster variables. We denote by Cl(i?,u) the set of cluster 
variables in A{B,u). 

Fomin and Zelevinsky proved that A{B, u) is a subring of the ring of Laurent 
polynomials in u. This is referred to as the Laurent phenomenon. Thus, given an 
element x £ A{B,u), we can write it 

P{ui,...,Uq) 

^ ~ ni riq 

UA ■ "Uq^ 

such that P{ui,... ,Uq) is a polynomial not divisible by any of the Ui and Ui G Z 
for every i G {1, ..., q}. The sequence 6(x) = (ni,..., riq) is called the denominator 
vector of X. 

When there is no confusion, we will omit the reference to the initial cluster in 
the notations. 

If a matrix B G Mq{Z) is skew-symmetric, then all the matrices in Mut(i?) are 
also skew-symmetric. In this case, the cluster algebra A{B) is called simply-laced. 
If B is skew-symmetrizable but not skew-symmetric, A{B) is called a non-simply- 
laced. 

Given a skew-symmetrizable matrix B, we can define the Cartan counterpart 
C{B) = (cij) of B by setting cu = 2 and Cij = —\bij\. This defines a generalized 
Cartan matrix to which we can associate a valued diagram r(C'(i3)) (see [24| for 
example). The valued graph Qb associated to B is thus the orientation of r(C'(i3)) 
given by i—>j if bij > 0 for any i,j G {1,..., g}. Thus, ii Qb is the valued graph 
associated to B, we will sometimes write A{Qb) instead of A{B). 


1.2. Cluster categories. If B is skew-symmetric, then Q = Qb is a quiver with 
no loops and no 2-cycles. In this case, there is a fruitful framework for categorifying 
the cluster algebra A{Q) using the category of representations of Q. 

More precisely, let /c ~ C be the field of complex numbers and rep((5) be the 
category of /c-representations of Q. We denote by Qo the set of vertices of Q and Qi 
the set of arrows of Q. An element in rep((5) is thus a pair {{V{i))i^Qg, (iy(a))Q,gQj 
such that each V(i) is a finite-dimensional fc-vector space and V{a) : V{i) — ^V{j) 
is a A:-linear map for every a : i —in Qi. As usual, we will identify rep(Q) with 
the category fcQ-mod of finite-dimensional modules over the path algebra of Q. For 



4 


G. DUPONT 


every vertex i € Qq, we denote by Si the simple module associated to the vertex i, 
by Pi its projective cover and by li its injective hull. 

We denote by D^{kQ) the bounded derived category of fcQ-mod with shift func¬ 
tor [1] and Auslander-Reiten translation r. The functor F = is an auto¬ 

equivalence of D^{kQ). In [2], the authors defined the duster category Cq of Q 
as the orbit category of F in D^{kQ). The objects in Cq are thus the objects in 
D^{kQ) and given two objects M, N in Cq, the morphisms from M to iV in Cq are 
given by: 

Homco (M, iV) = 0 Homo.(feQ) (M, 

A module in Cq is the image of a module under the composition of functors 

fcQ-mod—> D^{kQ) — >Cq 

where the first map sends a module M to the corresponding complex concentrated 
in degree 0 and the second functors is the canonical map. We still denote by M 
the image of a /cQ-module M in Cq. 

The cluster category Cq is triangulated [26]. Moreover, it is proved in [2] that Cq 
is a Krull-Schmidt category whose isoclasses of indecomposable objects are given 
by 

ind(CQ) = ind(fc(5-mod) U {Ci[l] ■ * ^ Qo} ■ 

Moreover, there is a duality 

Exti^(M,iV)-T^Ext^^ (iV,M) 

for any two objects M, N in Cq. This means that Cq is a 2-Calabi-Yau category. 

An object M in Cq such that FyiXQ^{M,M) = 0 is called rigid. It is called 
a cluster-tilting object if it is maximal rigid and if all its distinct indecomposable 
direct summands are pairwise non-isomorphic. 

1.3. The Caldero-Chapoton map. The Caldero-Chapoton map is a map from 
the set of objects in the cluster category Cq taking its value in the ring of Laurent 
polynomials in u containing the cluster algebra A{Q,u). Among many interests, 
this map allows to realize explicitly the categorification of A{Q) using Cq. Before 
introducing it precisely, we will need some more notations. 

We denote by Ko{kQ) the Grothendieck group of fcQ-mod, that is, the free 
abelian group over the isoclasses of /cQ-modules with relations M N = X for 
any short exact sequence 0 —>M — >X — >N —>0. The dimension vector of a 
representation M of Q is the vector 

dimM = (dim G 

We will denote by Ui the i-th vector of the canonical basis of . Thus, for every 
i € Qo, dim Si = ai and the map dim induces an isomorphism of abelian groups 

dim : Ko{kQ) ^ Z'^°. 

As kQ is hereditary, the Euler form on kQ-moA is given by 

(M, N) = dim Hom^g (M, N) — dim Ext^g (M, N) 

for any /cQ-modules M,N. It is well defined on the Grothendieck group. 

Given a fcQ-module M and a dimension vector e, we denote by 

Gre(M) = {N is a submodule of M : dimA^ = e} 

the grassmannian of submodules of M of dimension e. This is a closed subset of 
the usual grassmannian of /c-vector-spaces. It it thus a projective variety and we 
can consider its Euler-Poincare characteristic x(Gre(M)). 
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Roughly speaking, the Caldero-Chapoton map evaluated at a /cQ-module M is 
a generating series for Euler characteristics of grassmannians of submodules of M. 
More precisely, the definition is the following: 


Definition 1.1 ([S]). The Caldero-Chapoton map is the map X-/ : Ob(CQ)— 
given by: 

• If M, are in Ob(CQ), then Xm<sn = XmXn; 

• If M cs Ti[l]) then Xp.t^^ = ui; 

• If M is an indecomposable module, then 


( 1 ) 


Xm 


E 


x(Gre(M)) n 


— (e.dim Si) — (dim Si .dim M—g) 


eGKo{kQ) iGQo 


Note that equality m holds for any fcQ-module. 

The Caldero-Chapoton map realizes the categorification of A{Q) in the following 
sense: 


Theorem 1.2 ([7]). Let Q be an acyclic quiver. Then X-? induees a 1-1 correspon¬ 
dence 

{indecomposable rigid objects in Cq} ^ Cl((5). 

Moreover, the map 

J {cluster-tilting objects in Cq} CC {clusters in A{Q)} 

I ^ ^ : * e Qo} 

is a 1-1 correspondence. 


2. Orbit mutations 

In this section, we use Lusztig’s approach to non-simply-laced diagrams using 
simply-laced diagrams equipped with a group of automorphisms m- We prove that 
under certain admissibility and stability assumptions, a non-simply-laced cluster 
algebra can be realized as a subalgebra of a quotient of a simply-laced cluster 
algebra. Moreover, our methods allow to establish a link between simply-laced and 
non-simply-laced cluster algebras of different types. 

2.1. Automorphisms and quotient matrices. Let Q = {Qo,Qi) be a valued 
graph without p-cycles for p < 2. Let Bq = (bij) £ MQg{Z) be the corresponding 
skew-symmetrizable matrix. 

Definition 2.1. An elements g € &Qg is called an automorphism of Q or auto¬ 
morphism of Bq if 

for every i,j GQo- 

A subgroup G < ©q^ is called an automorphism group of Bq if every g € G is 
an automorphism of Bq. 

An automorphism group G of Bq is called admissible if for every i,j in the same 
G-orbit, there is no path from i to j of length I <2. The pair {Bq,G) is then called 
an admissible pair. 

Given a matrix B £ Mq^IX) and an automorphism group G oi B, we denote by 
i the G-orbit of an element * £ Qo and Qq the set 

Qo “ ^ ^ Qo} ■ 


of G-orbits in Qq. 
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Example 2.2. Let Q be the Dynkin quiver of type A 3 


with associated matrix 


Q: -2-^3 


B = Bq = 


0-10 
1 0 1 
0-10 


Let G = ((1,3)) be the subgroup of S{i, 2 , 3 } generated by the transposition (1,3). 
Then (B, G) is an admissible pair. In general, we will denote by dashed lines the 
action of the automorphism group on vertices of the quiver. 


Given an admissible pair (i3, G), we define a matrix BfG, called quotient matrix 
as follows: 


Definition 2.3. Let {A,G) be an admissible pair with A = (aij) G Mqq(Z), the 
quotient matrix A/G = (&ij) G Mq^{Z) is given by 

hi = “fc.i 

fcei 


for every i,j G Qq- 

The matrix A/G is well defined. Indeed, hij does not depend on the choice of 
j G j since G is an automorphism group for A. An alternative way for describing 
the coefficients of the quotient matrix is the following: 

Lemma 2.4. Let {A,G) be an admissible pair and A/G = (bij). Then for every 
i j ^ Qo’ have 

where stabG(i) is the stabilizer of i for the G-action on Qo- 
Proof. For every g G stab(z), gi = i and thus Ugij = Oij. 

\stahigi)\agij 

qGG gGG/stab{i) 

But g —> gi induces a 1-1 correspondence between G/stab(z) and i. Moreover, 
stab(z) ~ stab(gz) and thus 

^-sid = |stab(z)|^afcj 


We now prove that a quotient matrix is skew-symmetrizable: 

Lemma 2.5. Let (A, G) be an admissible pair. Then, A/G is skew-symmetrizable. 

Proof. Assume that A G Mq^ (Z) and set B = A/G. We shall find a diagonal matrix 
A G (Z) with non-negative coefficients such that AB is skew-symmetric. 

As A is skew-symmetrizable, there exists integers {di)i^Qg such that for every 
i,j, dittij = —djOji. Moreover, G is an automorphism group of A, we can thus 
assume that dgi = di for every i G Qo and we set di = if i denotes the G-orbit of 


z. 
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For every i G Qq, we set i5i = c?i|stabG(*)| for an arbitrary vertex i € i. Let A be 
the diagonal matrix diag((5i,i G Qo)- We prove that AB is skew-symmetric. 

lABlij = S,b,j 

gGG 

geG 

geG 

~ ~ ^gj^gj,i 
geG 


= -|stab(j)| 


1 

I stab (j) I 


geG 


^gj,i 


= -SAi 

= -Mj.i. 


□ 


Definition 2.6. Let Q be a valued graph equipped with an admissible group of 
automorphisms G. The quotient graph Q/G is the graph associated to the quotient 
matrix BgfG. If Q is a quiver, Q/G is called a quotient quiver. 


Example 2.7. Consider again 


Q : 1 


with associated matrix 



0 

-1 

A = 

1 

0 


0 

-1 

{1,3} and 2 = - 

A/G 

= 

■ 0 - 
1 


and the associated graph is 


A(Gl/G) : I 2 


which is of type B 2 . 

We notice that if v4 is a skew-symmetric matrix such that stabG(*) has the same 
cardinality for every i G Qo, then A/G is skew-symmetric. 

Example 2.8. We consider the quiver 
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equipped with the admissible automorphism group Gi = ((ai, 02), (&i, 62))- We 
write a = {oi, 02} and b = {&i, 62}, then 

A\/G\ : a >: b 

is the Kronecker quiver. 

We will also notice that there is no uniqueness in the presentation of a valued 
graph as a quotient graph. 

Example 2.9. We consider the quiver 



equipped with the automorphism group Gi = ((oi, 02 , 03 ), ( 61 , 62 , 63 )). We set 
a = {oi, 02 , 03 } and b = {bi, 62 , ^ 3 }, then 

A 2 /G 2 a g . b 

is also the Kronecker quiver. 

2.2. Cluster algebras and automorphisms. We now study the interaction be¬ 
tween automorphisms of a skew-symmetrizable matrix A and the cluster algebra 
associated to the matrix A. We fix an admissible pair {A,G) where A S Mq^{Z) 
is an arbitrary skew-symmetrizable matrix. We set u = {ui : i G Qo} and v = 
{ui : i G Qo} to be sets of indeterminates over Q. We set 

.4(A) =yf(A,u), 

A(A/G) = A(A/G,v). 

We define a morphism tt of Z-algebras, called projection: 

^. r Z[u±i] ^ Z[v±i] 

■ \ Ui ^ Vi. 

We define a G-action on Z[u^^] by setting 


g.u^ = Ugi 

for every g € G, i € Qo- We now prove that the action of G on Z[u^^] induces an 
action on the cluster algebra A{A). 


Lemma 2.10. Let A be a skew-symmetrizable matrix equipped with a group G of 
admissible automorphisms. Then G acts on the cluster algebra A{A, u). 


Proof. We fix a finite set Qo such that A G Mq^{'L). By definition g acts on 
MQg{Z) by g.M = (mg-ii^g-ij) if M = (rriij). For any seed (i?,v) in A{A) with 
V = (wi)ieQo> we set 5 .(B,v) = {g.B, {vg.i)i(^Qo). 

We prove by induction on n that 


9-{hi„ °hii{A,u)) = gg.i„ o gg^i^{A,u). 


We first assume that n = 1. We fix a vertex k € Qq. We write (A',u') = 
/ife(A, u). Thus A' = (a'j) is given by 


r -Uij if ke{i,j} 

1 aij-f ^ {\aik\akj + aik\akj\) otherwise 
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n n 


UkUk = 11 

ajfc>0 aik<0 

Thus, g.{A' ,vl') = {B,v) is given hy B = (bj) and v = {g.u[)i^Qg where 

if /c e {i,j} 


so that 


Also, 


7 _ 1 

Oij — 


j 2 (}^g~^i,k\^k,g~^j ^g~^i,k\^k,g~^j{} Otherwise 


bij — 


cii,j 


if gk e {ij} 


^ {\ai,gk\agkj + ai^gk\agk,j\) otherwise 


Vk = guk 
1 

g-uk 


n 9-uT + n 9-^ 


aik >0 


aik<0 


1 

'^gk 


n + n 


aik>0 


aik<0 


i n 


g ^i,g Ifc 
^gi 


n 




gi 






and Vi = g.Ui = Ugi for i ^ k. So that 

(B,v) = fJ,gk{A,). 

Assume now that n > 1. Set 

(B,v) = o/Xji(A,u), 

(i?,v) = o^g,,^(A,u). 

By induction, we now that g.{B,\) = {B,\). Thus, we only need to prove that 
g.{lJLi^(B,'v)) = gg,i^{B,\). This is proved as in the previous case. □ 

Definition 2 . 11 . A seed (S', x) in A{A) is called G-invariant if: 

(1) gxi = Xgi for every i € Qo, g € G, 

(2) (S, G) is an admissible pair. 

We will now study the link between the cluster algebra A(A/G) and the algebra 
7 r(^(A)). For this, we will study a certain class of mutations called orbit mutations. 


2 .2.1. Orbit mutations of matrices. 

Lemma 2.12. Let {A,G) be an admissible pair with A G Mq^IIj). Let LI = 
be a G-orbit in Qq. Then, the coefficients of AA) = g,i^o- ■ -ogi^^A) 

are given by 


(n) 

= 


—a 


ij 


1 


o 'y ' {\^i,ik \ ^ik,j 
fc=l 


ul) 


if i or j G n 
otherwise 


Proof. Set A = and A^p^ = o • • • o (A) for every 1 < p < n. Mutating at 
ip, we get 

Ap- 1 ) 

1 


ip) 

< = 


—a, 

a. 


(p-i) _ 

u ^ 2 


ii i = ip or j = ip 




?>i) 


otherwise 
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By induction, if z = or j = ik for some k < p — 1, then , thus 


a\j'^ = —ttij if z = Zfe or j = ik for some k < p. 


Otherwise, 


1 

2 

p-i 




“I?=«!r‘’ + 2 


?>i) 


— Clii + 


I Y. I) + \ + “Mp l) 


fc=i 


As = 0 for every k, I, we get 


Jp-i) 


1 ^ 

2 ^ l®ifc,jp + ^i,ik l^ifc.ip I 

fc=l 


and 


then 


1 ^ ^ 

hp,j “ ®*P.J 2 ^ ' (l®ip,ifc “I" ®*p,ifc l®ifc J I) = ®ip,i 

fc=l 
1 ^ 


fe=l 


□ 


Corollary 2.13. Let {A, G) be an admissible pair. Let i= {zi,..., z„} be a G-orbit 
in Qo- Then, for every a € 6„, we have 

° • • • O T^l (A) = (A)- 

We can thus set the following definition: 

Definition 2.14. Let {A, G) be an admissible pair, i G Qq be a G-orbit. Then 

is called the orbit mutation of A in the direction i. 

2.2.2. Orbit mutations of seeds. 

Lemma 2.15. Let B G MQg(Z) and G C &q„ be a group. Let (A, a;) be a G- 
invariant seed in A{B) with x = {xi, ..., Xq). Let 0 = {zi, ..., z„} be a G-orbit and 


= T^r. 

^ o • • 

{ 

Xi 

= 

ria 


. > 0 ‘ 


— O-i 

<0 


if z ^ O 

if z = Zfe for some k 


Proof. For every p = l,...,n, we write (x^A^jI(p)^ = o ••• o pi^(x,A) and 
= (x, A). If z ^ O, for every p > 0, we have x\^^ = and thus 

= Xi. If z = Zfc for some fc > 0, then x'f'^ = Xi for every j < k and a;® = 
for every I > k. Exchange relations thus give 

-i-r / (fc—I TT / G~^)\—O.A 


(k) ^ 


Tfc-i) 
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But according to lemma \TT^ = Xi, Moreover, = 0 if 

j G n, thus if 7 ^ 0, we have Xj = xj. It follows that 

n + n 

(n) _ (fc) ^ 

Xi — — 

kLi 

which proves the lemma. □ 

In particular, we see that does not depend on the order of the mu¬ 

tations in n. We thus set the following definition: 


Definition 2.16. Let {A,G) be an admissible pair with A G Mq^{Z) and (S',x) 
be a G-invariant seed in A{A). For every G-orbit i in Qg, we set 


Mp(S,x) 



(S, x) 


the orbit mutation of the seed (S, x) in direction i. 


Corollary 2.17. Let {B,G) he an admissible pair, {x,A) be a G-invariant seed in 
A{B) and ft G Qq. Let {A^'^\ a;!")) = fj,Q{{A, x)). Then G is an automorphism 
group of . Moreover, if we denote by the coefficients of A^'A = 

{x^j^\i G Qo), we have for all i G Qo and g G G; 

= Oand^?^ =gxt'’- 


Proof. We assume that A G Mq^ifL) and x = {a;^ : i G Qo}. We write LI = 

{ii ,..., in} and we keep notations of lemma [2.121 Let i,j G Qo- Then, 

if g~^i or g~^j G 

(n) (n) 

9-0-ii = „-u = 


9 ^.9 j j ^ ( {\^ 9 ~^i,'ik\^'ik. 9 ~^j A Otherwise 


fc=i 


But g G LI if and only if j G 12 and in this case = —Oy = —o-g-^i,g-^j = 
■ _i.. But if i,j ^ LI, then 

g ^i,g y- ? 






9 i,g 3 2 

fc=i 


~ ^ ' C, {\^i,gik\^gik,3 T l^gifc j'l) 


k=l 


= V- 

fe=l 
_ „(”) 




and thus G is an automorphism group for A^A ^ Let’s prove that G is admissible 
for AA), Let i,j be in a same G-orbit. We write i = gj for some g G G. According 
to lemma [2.121 we have 


(n) 

Oij = «ij 








k^l 


Since {A, G) is an admissible pair, we have Oij = 0. On the other hand, for every 
A: = 1,..., n, if > 0, we necessarily have < 0. Indeed, if not, there is a 
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path of length 2 from i to j in the graph associated to A, which contradicts the 
fact that {A, G) is an admissible pair. It follows that o-"-^ = 0. 

Let’s now prove that for every i G Qq. If i ^ = xi. As 

gi ^ n, a;^”^ = Xgi. By hypothesis, (x,A) is C?-invariant so that gxi = Xgi and 
(/a;= aig”^. Now, li i = ik for some k G {1,..., n}, then 


(n) ^ 

g.x\ = - 


+na,.,,<o5-a^, 


n 


g.Xi 

n. 






n ^j,iu I TT ^3Ak 

a-j.ik >0 ^gj ^ <0 ^gj 


•i-gi 


ri- - ^nX 


llaj,gik>0^/’'”‘ '^^aj,gik<0^j 


^gt 


(n) 

^9^ 


□ 


Remark 2.18. Beware that in general, if {A,G) is an admissible pair with A G 
MQg{Z) and O G Qo, there is no reason for (/Xq(A), G) to be a an admissible pair. 
Indeed, consider the quiver 



equipped with the admissible automorphism group G = ((1,4)(2, 5)(3,6)). Then 
n = {3,6} is a G-orbit and 


3 



Mn(Q) • 2 ^4 


1 


5 
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contains a path of length 2 between from vertex 1 to vertex 4, which both belong 
to the same G-orbit. 

We thus introduce the notion of stable admissible pair which will be essential in 
the following. 

Definition 2.19. An admissible pair (A,G) is called stable if for any finite sequence 
of G-orbits ii, each of the pairs (^^(A), G), (/r^ o^^(A), G),..., (/r^ o • • • o 

/i^(A),G) is admissible. 

Thus, every finite sequence of orbit mutations is well-defined for a stable admis¬ 
sible pair. If (A, G) is a stable admissible pair, we denote by Mut‘^(A) the orbit 
mutation class of A, that is, the set of matrices B such that there exists a finite 
sequence (ii,..., i„) of G-orbits in Qo such that 

B = /iP o • • • o /iP(A). 

Note that in particular, we have Mut‘^(A) C Mut(A). 

Lemma 2.20. Let (A, G) be an admissible pair with A S MQg{Z). Assume that G 
has at most one non-trivial orbit in Qq. Then (A, G) is a stable admissible pair. 

Proof. By induction, it suffices to prove that {B, G) is admissible where B = p9 (A) 
for some G-orbit i. We denote by 6 ^- the coefficients of B. Let i,j be in a same 
G-orbit. According to 12.171 it suffices to prove that for every k, bi^k and bj^k are 
of the same sign. If k is in the G-orbit of i, then bi^k = 0 = bj^k- Otherwise, k is 
fixed under the G-action by hypothesis. It follows from corollary 12.171 that G is an 
automorphism group of B and thus bi^k = bgi^k for every g £ G. In particular, bi^k 
and bj^k are of the same sign and {B, G) is an admissible pair. Thus, (A, G) is a 
stable admissible pair. □ 

Lemma 2.21. Let (A, G) be an admissible pair with A £ Mq^CZ). Assume that G 
has exactly two orbits in Qq . Then, (A, G) is a stable admissible pair. 

Proof. We denote by v = {ui, and w = {ici ,... ,Wc} the two G-orbits in 

Qo and set A = (oy). Since (A, G) is admissible, we have = 0 for every 

i,j £ {!,...,&} and au]i,wj = 0 for every i,j £ {!,...,c}. Moreover, for every 
V £ \ and w S w, has constant sign. It follows thus from lemma [2A2] that 
pi^{A) = —A and pi^{A) = —A. In particular, since (A, G) is an admissible pair, 
(^y(A),G) and {fi^{A),G) are admissible pairs. By induction, (A, G) is thus a 
stable admissible pair. □ 

Proposition 2.22. Let Q be a Dynkin quiver equipped with an admissible group of 
automorphisms G. Then, (Q, G) is a stable admissible pair. 

Proof. Let {Q,G) be an admissible pair with Q Dynkin and let R £ Mut‘^(Q). It 
follows from corollary 12.171 that R is G-invariant and that for every i,j in the same 
G-orbit, there is no arrow i — >j in R. It is thus enough to prove that there are no 
paths of length two between i and j in R. 

Let i £ Ro and g £ G. Assume that there exists a path of length two between 
i and gi. Let’s then prove that R contains a minimal cycle of even length. By 
“minimal cycle of length p” we mean a cyclic composition of arrows c = ai ■ ■ ■ ap 
such that any proper sub-path of c is non-cyclic. Assume that there exists a vertex 
k £ Rq such that i —> k —> gi. As G is a group of admissible automorphisms of R, 
we know that k ^ Gi. Let 

p = min {n > 1 : g^i = z} — 1 , 
we thus have a cyclic path 


i 
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in R passing through an even number of vertices. 

If all the vertices occurring in this cyclic path are distinct, then we have a 
minimal cycle of even length. Otherwise, assume that there exists two vertices n, w 
which are equal among g'^k, : 0 < n < p}. If u = and w = g'^i for some 
0 < m < n < p, we get i = g^~'^i, which contradicts the minimality of p. If u = g^i 
and w = g'^k for some 0 < m,n < p, we get a contradiction since k ^ Gi. Thus, 
V = g'^k and w = g'^k for some integers 0 < m,n < p. Assume that n < m, we 
thus get a new cyclic path: 

i —> k —^-^ g^i —^ > g^+H —>-> gPi —> gPk —^ i 

passing through an even number of vertices. Using inductively this process, we 
prove that R contains a minimal cycle of even length. 

Assume that Q is a Dynkin quiver of type A„. According to [^ , we know that if 
S' is a quiver in Mut((5) then all the minimal cycles in S are 3-cycles. In particular, 
R does not contain any minimal cycle of length p for every p > 1 and {Q, G) is thus 
a stable admissible pair. 

Assume that Q is a Dynkin quiver of type ID)„ for n > 4. Then, every automor¬ 
phism group of Q has at most one non-trivial orbit. It thus follows from lemmaEUO] 
that {Q,G) is a stable admissible pair. If Q is of type Da, then the result follows 
from lemmas [22Q] or [TH] depending on the considered automorphism group. 

Assume that Q is a Dynkin quiver of type Eg. A case by case induction on the 
mutation class of Q (using for example [25j) shows that for any possible automor¬ 
phism group G, Mut'^((5) does not contain any quiver such that there is a path 
of length 2 between two vertices in the same G-orbit. In particular, all the pairs 
{R, G) with R G Mut‘^((5) are admissible and thus (Q, G) is stable. 

If Q is of type E7 or Eg, then all the possible automorphism groups of Q are 
trivial and it thus follows from lemma [2.201 that {Q,G) is an admissible pair. □ 

More generally, Demonet proved that Proposition 12.221 also holds for any acyclic 
quiver O Theorem 3.1.11]: 

Theorem 2.23 ([9j). Let Q be an acyclic quiver equipped with a group G of ad¬ 
missible automorphisms. Then (Q, G) is a stable admissible pair. 

2.2.3. Orbit mutations and mutations of the quotient. Let {A, G) be an admissible 
pair and (x, S) be a G-invariant seed in A{A), we set 

7’‘(-5 ',x) = (5'/G,y) 

where y is the Qg-tuple given by 

Pi = Tr{xi) 

for every i G Qg. Then 7r(5', x) is called projection of the seed {S,x). It is well 
defined since (5*, x) is G-invariant. 

Theorem 2.24. Let (A, G) be a stable admissible pair with A G Mq^lfL). Then 
for every G-orbits ii,..., i,i in Qq, we have 

O • • • o Til {v, A/G) = TT O ■ ■ ■ O A)) . 

Proof. By induction, it suffices to prove it for n = 1. If A = {xij) is a G-invariant 
matrix, we will denote by X/G = (Tfj) the quotient matrix. 

We fix an orbit k = {fci,..., A:„} and we write A^) = ~ riiek Ti(.A). 

According to lemma [2T2l we have 

{ —aij ifiorjGk, 

1 ” 
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On the other hand, we have 






lei 


If i = k or j = k, we have 


(n) _ _ 

i.j “ “'O' 


lei 


Otherwise, if i, j ^ k, then for every m G i, 

1 " 

®rn] ~ ^ E! l®fes J + j |) 

and thus 


S=1 


ij^ — E! I + 9 E! (I®m,fcs j- + Q-m.fcs lOfcs.jl) 


or equivalently 




m€i 




We now compute the coefficients (flij)' of {A)' = ii\^{A/G). By definition of the 
mutation. 


—a; 


(^)' = { ^ ,1 


if i = k or j = k. 


“ij + 2 (l“i,k|ak.j + ai,k|ak.j|) otherwise. 


Thus, if i = k or j = k. 


(flij)' = -aij = - E 


l£i 


Now, if i, j ^ k. 


(®i,j) ~ ®i,j + 2 (l®fk|o-k,j + ai,k|ak,j|) 


— CtmJ o ( I ^m,k \ 0.1,j + Om,k \ Olj 


mGi mGi Z€k 


— E! ”^2 1 El El El ^m,k El l®*i. 

mGi \mGi /Gk mGi ^Gk 

= El + El 9 f l®m,fc| El ^1,3 + El 


mGi mGi 


/ek 


Zek 


= E 


mGi L 


ij T 9 ^ 1 I I) 


/ek 


and thus 


(®ij) ~ El Q-m.j + r, El El {\o-m,k\o-l,j + Qm.fcllQij'l) 


mCi /Ck 


It thus suffices to prove that 


EE \ai,j + am,k\ai,j \ — EEi Om,l \ai,j + Clra,l\<llj\ 

m€i ^Gk mGi /Gk 
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and thus to prove that 

( 2 ) \am,k\o-l,j = \a"m,l\^l,3 

Z^k Z€k 


and 


Om,fc |az,j) I — Qm,i |a/j I 

m^i Z^k mGi ZGk 

In equation |[2l), we consider the coefficient of aif. Let Iq S k, in the first sum, the 
coefficient of ai^j is 

mGi 


In the second sum, this coefficient is 


mGi 


We write /q = gk for some g G G. As am,gk = ag-^m,k and g~^G = G, both sums 
are equal. We identify the same way the coefficients of |aioj | in the second sum 
and equality ([2]) is proved. Thus, for every i,j G Qg, we have 


(n) /_ \/ 

«i,j = w.j) 

and thus 

fi^{A)/G = gMG). 

We now get interested in variables. If j ^ {fci, ..., fcp}, = Xj and there is 
nothing to prove According to lemma [2TRl = x^^\ thus 7r(x[.”^) = for 

all j, s = 1,..., n. Up to reordering, we assume that k = ki and thus a;^"^ = = 

x'^. We then write the exchange relation between Xk and x'^ in A{A). 

xkxi = n x]^'‘ + n 

j&Qo ■■ bjk>0 j&Qo : bjk<0 

Applying tt to this equality, we obtain: 

Tr{xk)Tr{xk) = n + n 

jGQo ■ bjk>0 a'eQo : bjk<0 


As (A, G) is an admissible pair, bjk and are of the same sign if j and s belong 
to the same orbit, we can thus group together the terms by signs and we get 

7r(a:fc)7r(a:fe) = 71(3;;)“'’"' 

je^ : bjk>0 ^Gj jg^ : bjk<0 *Gj 


As 7r(a;i) = 7r(a;j) for every I G j, we have 

Tr{xk)TT{x'k) = 7r(a;j)^‘eJ^"'+ 7r(a:j)“ 

je^ : bjk>0 j6^ : 

and thus 

7r(xfc)7r(4) = J| AxjP'‘ + n 

je^ : fejk>0 je^ : "^<0 

which is precisely the exchange relation in A{A/G) in direction k with 7r(a:fe). If we 
write 7r(xfc)' the cluster variable in exchange with 7r(a:/c) in A{A/G), we thus get 

^(4”^) = 77(4”^) = ^(4) = 7r(a;fc)' 

for every j G {1,..., n}, which proves the proposition. □ 
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Corollary 2.25. Let {A, G) be a stable admissible pair. Then every seed in A{A/G) 
is the projection of a G-invariant seed in A{A). In particular, every cluster variable 
in A(A/G) is the projection of a cluster variable in A{A) and thus A{A/G) can be 
identified with a h-subalgebra of '!t{A{A)). 


Example 2.26. We consider again the example of the quiver of type A3 

Q:l -3 


equipped with the admissible group of automorphisms G = ((1,3)). Then {Q,G) 
is a stable admissible pair. The quotient graph of type B2 is: 


Q/G: 


_ (1.2) _ 

2 -^ 1 


where 1 = {1,3} et 2 = {2}. Orbit mutations are thus pj = pips and = p 2 . 
The projection is given by 


uf ] 


Z[My,M2] 

Ml 

1->• 


U2 

1- > 


U3 

1- > 



Figure [2] represents the mutation graphs of A{A) and A{A/G) in the neighbour¬ 
hood of the initial seeds (where we denoted 'Uj = Vi). Vertices with a double circle 
correspond to seeds obtained by orbit mutations of the initial seed. 

Cluster variables in A{Q) are given by 

f I-I-U2I-I-U2I-I- U1U3 l-\-U2+ U1U3 

<Ui,U2,U3, -, -, -, -, 

QUQ) = I Ui U3 U2 U1U2 

1 -I- U2 -I- U1U3 1 -I- 2 u 2 + + U1U3 


U3U2 


UIU2U3 


and thus 


f H-VoI + iIt 1 + 112 +1 + 2 u 2 -\-vL-i-v^ , 

7r(Cl(Q)) = ny,ny, A >-T-^ = G\{Q/G) 


Vr Vtt 


VtVt; 
















Figure 2. Mutation graphs of A 3 and M 2 at the 


1 +M 1 M 3 I + U2+U1U3 


I+U2+U-1 M 3 
U 1 U 2 ■ 


1+2U2+U^+UiU3 
U1U2U3 ’ 


l + U2+U^ U3 
U 2 U 3 


■e- 


-o 




1+v^+v^ 

V^Vly 


l + 2ll5-+t)|.+ l>^D3 I 

i 


of the initial seeds 
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A consequence of this theorem is that the positivity is preserved. Namely the 
result is the following: 


Corollary 2.27. Let (A, G) be a stable admissible pair. Assume that every cluster 
variable in A{A) can be written as a Laurent polynomial with positive coefficients in 
the initial cluster of A{A). Then, every cluster variable in A{A/G) can be written 
as a Laurent polynomial with positive coefficients in the initial cluster of A{A/G). 


Proof. We denote by v the initial cluster of A{A/G) and by u the initial cluster 
of A{A). Let a: be a cluster variable in A{Q/G,w). Then x = 7r(A') where X is 
a cluster variable in A((5,u) and where tt : is the morphism of 

projection, sending Ui on Ui for every G-orbit i of i. By assumption, we can write 

I' 

where v runs over and where {aA) is a family of positive integers with finite 
support. Thus, 

* = E 

but for every v S 7r(u'^) is some product particular, a; is a 

positive Laurent polynomial in v and the corollary is proved. □ 


Example 2.28. The stability condition is essential for theorem 12.241 to hold. In¬ 
deed, consider the quiver 


3 



Q: 2 4 


1 5 



6 


with the automorphism group G = + 3)^ ~ Z/2Z. We saw at remark 

12.181 that {A, G) is not a stable admissible pair. We denote by i the G-orbit of a 
vertex i in Qq. Let B = Bq be the matrix corresponding to Qi u = (ui,... ,ue) 
be the initial seed of A{B) and v = ("Cr, "^2, ■cy) be the initial seed of A{B/G). We 
thus have 

= {-a-^B’) 

where 


u 


/ 


UiUq + U 3 UQ -I- U 3 U 2 Ui + U 3 
UIU2 


B' = 


U 3 U 4 + U 3 UQ -I- UqU 3 


5 

U 2 




U 4 U 5 

0 

1 

-1 

0 

0 

1 

-1 

0 

0 

0 

0 

0 

1 

0 

0 

-1 

0 

0 

0 

0 

1 

0 

1 

-1 

0 

0 

0 

-1 

0 

0 

-1 

0 

0 

1 

0 

0 


U 4 + Uq 
U5 



and 















20 


G. DUPONT 


Thus, 


Tr{n^ o fj^{u,B)) = 


VJV 3 + + ^3 ^ 1+^3 


but on the other hand, 

MtoM2(v,^/G)) = MbLbTs 
and then 


UT+UT+Un 'UT+Va 


’ ‘"3 ) > 


l‘^2 


0 1 0 

-10 0 
0 0 0 


0 1 0 

-1 0 -1 

0 1 0 




3. G-INVARIANT objects in CLUSTER CATEGORIES 

We will now focus on the case where [A, G) is an admissible pair such that 
Q = Qa is an acyclic quiver. When the pair is stable, we get interested in the 
interpretation we can give of A{A/G) in terms of G-invariant objects in the cluster 
category Cq under a certain G-action that has to be defined. 


3.1. G-action on the cluster category. We first get interested in the represen¬ 
tation theory of quivers with automorphisms. A good theoretic framework for this 
study is the theory of skew group algebras developed by Reiten and Riedtmann 
[28| . Nevertheless, in our context, we can only consider the more concrete situation 
of representations of quivers with automorphisms. For general results about these, 
one can for example refer to the works of Hubery (SHEoj. 

3.1.1. G-action on rep(Q). We fix an acyclic quiver Q equipped with a group G 
of admissible automorphisms. We define an action of G on the category rep((5) as 
follows. Let V S rep((5) and g G G. We define W = gV as the representation given 
by: 

f W{i) =V{g~^i) for alH £ Qo 
I wla) =V{g~^a) for all a £ Qi 

Given two objects M, N in rep((5), a morphism of representations / : M — >N is a 
family / = (/i)ieQo such that fi £ Hom/c(M(i), A^(i)) for every i £ Qo- We set 

gf = {fg-H)ieQo e ilomkQ{gM,gN). 

It follows that each g G G acts functorially on rep((5) and that g~^ induces a quasi¬ 
inverse functor to g. In particular, each g G G defines an auto-equivalence of the 
category rep((5). Moreover, for every i G Qo, we have gPi = Pgi, gli = Igi and 
gSi = Sgi. 

The action of G on rep((5) induces an action of G on the Grothendieck group 
Ko{kQ). Identifying Ko{kQ) and with the dimension vector, for every d £ 
and every g G G, We have 

g^ 

and for every representation M in rep(Q), we thus get 

dim [gM) = gdimM. 

The following lemma is straightforward: 

Lemma 3.1. Let M,N G rep(Q), e £ and g G G. Then, 

(1) {gM,gN) = {M,N), 

(2) The variety GvgeigM) is isomorphic to the variety Gre(M). 
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3.1.2. Action on the cluster category. The action of G on rep((5) induces an action 
by auto-equivalences on the bounded derived category D^{kQ) which commutes 
with [1] and r. Thus, it induces an action by auto-equivalences on Cq. This action 
is given on the shifts of projective modules by 

gPAl]^PgAl]- 

We now prove that the action of G on the objects of the cluster category com¬ 
mutes with the Caldero-Chapoton map. 

Lemma 3.2. Let Q he an acyclic quiver equipped with a group G of admissible 
automorphisms. Then for every object M in Cq and any g G G, we have 


XgM = gXM 

Equivalently, the following diagram commutes for every g € G: 

Ob(CQ) 

9 9 

Ob(CQ) Z[m±1] 

Proof. If M decomposes into M = 0^ Mi, we have 

XgM = ^g(0. Mi) ~ XgMi ■ 

i 

The action of G on Z[u^^] being a morphism of Z-algebras, it suffices to consider 
the case where M is indecomposable. 

As ATgp.fi] = gui = Ugi = Xp^.[i], it suffices to prove the result for indecompos¬ 
able fcQ-modules. For every modules M, N and every dimension vector e € , 

we have 

{gM,gN) = {M,N) 

and an isomorphism of varieties Gre(M) ~ Grgg{gM). 

Let m = dimM. The Z-linearity of the G-action on Z[u^^] gives 

gXM = E x(Gre(M)) n 

e i 


and 




e i 

= XlA(Grg-ie(Af)) 

e i 

e i 

= gXM 


□ 
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3.1.3. G-invariant objects in a cluster category. If (Q, G) is a stable admissible pair, 
we saw that the seeds in A{Q/G) correspond to some G-invariants seeds in A{Q). 
The seeds in A{Q) corresponding to rigid objects in Cq, it is natural to try to find 
an interpretation of G-invariant seeds in terms of G-invariant rigid objects in the 
cluster category Cq. 

Definition 3.3. An object M in Cq is called G-invariant if for every g G G, we 
have gM ~ M in Cg. It will be called G-indecomposable if it does not have a 
non-trivial decomposition M = U ®V with U, V G-invariant objects. 

Lemma 3.4. Let Q be an acyclic quiver equipped with a group G of admissible 
automorphisms. Let m, n be two indecomposable objects in Cq. Then, m and n are 
in the same G-orbit if and only if ^ = ®ueGn 

Proof. If m is indecomposable, then gm is indecomposable for every g G G. Thus, 
the summands appearing in both sums are indecomposable. If we assume that 
the two sums are isomorphic, as Cq is a Krull-Schmidt category, n appears as 
an indecomposable summand of both sums and thus n G Gm. The converse is 
clear. □ 

Proposition 3.5. Let M be a G-indecomposable object in Cq. Then, there ex¬ 
ists a unique G-orbit in Cq containing an object m such that M — ® U. 

Conversely, for every indecomposable object m, the direct sum ^jj^crn ^ 
indecomposable. 

Proof. Let m be an indecomposable object in Cq, we set M = 0[/g(5„ U. Then M 
is G-invariant. If M = TV 0 P with N a G-indecomposable object and P 7^ 0, we 
decompose N = 0jTVi into indecomposable objects in Cq. The uniqueness of the 
decomposition of M into indecomposable objects implies that each Ni is in Gm. If 
N is G-invariant, then N has all the gNi as direct summands where g runs over G 
and thus N ~ M. 

Conversely, if M is G-indecomposable, we decompose M — 0 - Mi into indecom¬ 
posable objects of Cq. Each Ei — ®u^gm ^ thus G-indecomposable. If / is a 
set of indices such that {Mi)i^i is a set of representatives of G-orbits of the Mi, 
then M = 0jgj Ei is a decomposition into G-indecomposable objects. Thus, by 
hypothesis, I is reduces to one point and all the Mi are in the same orbit. Finally, 
^ — 0(7eGMi ^ where Mi is an indecomposable object in Cq. Lemma I tTI ensures 
the uniqueness of this decomposition. □ 

Corollary 3.6. Every G-invariant object M in Cq can be written uniquely (up to 
reordering and isomorphism) as a direct sum of G-indecomposable objects. 

Thus, we can prove a G-invariant analogue to theorem 1 1.21 

Corollary 3.7. Let Q be an acyclic quiver equipped with a group G of admissible 
automorphisms. Then, AT? induces a 1-1 correspondence from the set of G-invariant 
cluster-tilting objects to the set of G-invariant clusters in A{Q). 

Proof. Let x = {xi,... ,Xq) be a cluster in A{Q). According to theorem 11.21 for 
every i = I,... ,q, there exists an unique rigid object Ti in Cq such that Xi = Xt, ■ 
Moreover, it follows from lemma [Q that 

X = gX= {XgT^,...,XgT,^] . 

The Ti being uniquely determined, it follows that 

9^T, = ^Tg^=^T^ 

i—1 i—1 i—1 
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and thus T = Ti is a G-invariant cluster-tilting object in Cq. 

Conversely, if T = Ti is a G-invariant cluster-tilting object, then gT = 

©Li gTi = T. It thus follows from lemmalHUlthat {Xt^ ,..., Xt^ } is a G-invariant 
cluster. □ 

3.2. A denominators theorem. We now give a categorical interpretation for the 
denominators of cluster variables in the cluster algebra A{Q/G). If Q is an acyclic 
quiver with a group G of admissible automorphisms, we define the projection on 
the Grothendieck group tt : Ko{kQ) —by setting 

((t^i)ieQo) “ ■ 

jei 

Theorem 3.8. Let Q be an acyclic quiver equipped with a group G of admissible 
automorphisms. Let m be an object inCq. Then, 

d{TT{Xjn)) = n{dimm). 

Equivalently, the following diagram commutes: 

Ob(CQ) -:*gQo] 

SOTT 

Ipo 

Before proving the theorem, we prove the following technical lemma: 

Lemma 3.9. Let M be a G-invariant kQ-module. Then, 

(1) for every I G Qo and any submodule N C M, 

{dimM)i <<N,Si> + < Si,M/N >; 

(2) for every I G Qo, there exists a submodule N C M such that for every k G I, 
we have 

{dimM)k =< N, Sk > -\- < Sk,M/N > . 

Proof. The first point is proved in j7]. For the second point, we write d = dimM, 
e = dimiV where iV is a submodule of M. Let nk = — < N,Sk > — < Sk,M/N >. 
For every k G G.l, we have 

Ufc — dfc T ^ ^ Gi T ^ ^ ) ■ 

i - k k - j 

Let N be the submodule of M generated by the sum of the M, such that there 
exists k G G.l with k — >j in Qi- It suffices to prove that for any k G G.l, we have 
nk = —dk. For this, it is enough to prove that both sums are zero. 

Fix k G G.l. Assume that the first sum is non-zero. Then, there exists some i 
such that i —> k in Qi and 7^ 0. If 7^ 0, then by definition of N, there exists 

j G I and a path in Q from j to i and thus j —> • - >i —> k in Q. As j and k 

are in the same G-orbit and that each element in G has a finite order, it follows 
that there exists a cycle in Q, which is a contradiction. The second sum is zero by 
construction. □ 

We now prove theorem 13.81 

Proof, (of theorem, rOll We first notice that for any objects m,n in Cq, we have 

(5(7r(A„0„)) = S(7r(Xm)7r(Xn)) 

= 5{-K{Xra)) + (5(7r(X„)) 
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we can thus assume that m is indecomposable. If m = Pi[l] for some i G Qo, the 
result holds. It is thus enough to consider the case where to is a fcQ-module. 

Let M = 0(7gGm have 


Xm = Xu 

UeGm 


According to lemma [321 Xgm = gXm for every g £ G and thus 

and S{Tr{XM)) = \Gm\5{'K{Xm)). 

The variable Xm is a sum of monomials H where Uk = — < N,Sk > — < 
Sk,M/N > for a certain submodule N of M. Fix i G Qo, lemma [321 proves 
that there exists a term in the expansion of Xm such that the exponent of uj in 
the denominator of this monomial is maximal and equal to dim M(j) for every 
j G i. Thus, under projection, the exponent of Ui in t:{Xm) = is 

dim M(j). 

Thus, 


5{'k{Xm)) 


^dimM(j) 

7r(dimM) 

TT I dim U j 

V C/eGm / 

TT I dim {7 J 

\U&Gm / 


7r(dim?7) 

UeGm 

|GTO|7r(dimTO) 


It follows that S{TT{Xjn)) = 7r(dimTO), which proves the theorem. 


□ 


3.3. The finite type case. We now get interested in the case where Q is a Dynkin 
quiver. We prove in particular that if Q is a Dynkin quiver equipped with a group 
G of automorphisms, then A{Q/G) = Tr{A{Q)). Moreover, we prove that the 
denominator vector induces a 1-1 correspondence from the set of cluster variables 
in A{Q/G) to the set of almost positive roots oiQ/G. 

Let Q be a Dynkin quiver and G is a group of automorphisms of G. Since Q is 
acyclic, G is necessarily admissible and moreover it follows from proposition 12.221 
that {Q,G) is a stable admissible pair. We recall in figures IlllHIHlG] below all the 
non-trivial quotients Q/G when Q is Dynkin (see also |27|L 
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• <^= • . • - • 

Figure 3. Quotient from A 2 n-i to C„ 



Figure 4. Quotient from Dn+i to Bn 
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• - • 


• - • 


Figure 5. Quotient from Eq to F4 



• - • 

(3.1) 

Figure 6. Quotient from D4 to G2 

The following lemma can be obtained by direct computation: 

Lemma 3.10. Let Q be a quiver of Dynkin type equipped with a group G of auto¬ 
morphisms and let Q/G be the quotient graph. Then, 

7r($>_i(Q)) = $>_i(Q/G). 

Remark 3.11. According to Hubery’s works (see [S]), we can prove that ^y_i{Q/G) C 
T(<h>_i(Q)) for any acyclic quiver Q. Methods used in this context are similar to 
those we used above. Namely, instead of considering orbit mutations, the author 
considers orbit reflections in the Weyl group. More precisely, if : i S Qo} = 
n((5) is the set of simple roots of Q, for every G-orbit i, we set = 7r(ai) = 
SjGi We denote by Si the reflections in the Weyl group of Q and sj the reflec¬ 
tions in the Weyl group oi Q/G. As G is admissible Q, reflections taken in vertices 
in a same G-orbit commute and we deflne the orbit reflection r; = IljGi 
follows from [H] that irorj = ujott for every G-orbit i. Thus, by induction from the 
simple roots, we prove that the real roots of Q/G can be obtained as projections 
of certain real roots of Q. 

In order to prove that for a finite type quiver Q, we have equality between 
tt{A{Q)) and A{Q/G), we will need the following lemma: 
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Lemma 3.12. LetQ be a Dynkin quiver equipped with a group G of automorphisms. 
Let 7,/9 £ ^’(Q) roots such that 77 ( 7 ) = 7 r(/ 3 ). Then there exists g G G such that 
7 = g-P- 

Proof. Let n((5) = {ctiG £ Qo} be the set of simple roots of Q and Il{Q/G) = 
{ai,i £ Qo } be the set of simple roots of Q/G. Let 7 ,/? be roots in $(Q). We 
write 7 = I^iGQo ^ = SiGQo hypothesis, for every i £ Qq, we 

have = J2keiTk- If 7 is a simple root, then jS is also a simple root and 

there exists g G G such that 7 = g.(3. Otherwise, according to lemma [3.101 Trid) 
is an element in ^{Q/G). With notations of remark TS. Ill there exists a sequence 
of vertices ii,..., i„ in Qg such that cTi^ o • • • o ( 7 r(/ 3 )) is a simple root in QjG. 
Then, it follows from remark [3. Ill that 

7r(ri^ O • • • O Til (/?)) = CTi„ O • • • O (7),^ ('^(/3)) 

= cri„ o • • ■ o crij(7r(7)) 

= 7r(ri„ o---ori^( 7 )). 

Then, it follows from the discussion in the simple case that there exists some g G G 
such that 

o • • • 07 ’ii(/ 3 ) = o • • • orij(7). 

But it follows from | 2 Q] that the action of g commutes with the n and thus 
n„ o • • • o n, {g.fj) = ri„ o • • • o ri, (7) 

and 7 = g.f3. □ 


Theorem 3.13. Let Q be a Dynkin quiver equipped with a group G of automor¬ 
phisms and let Q/G be the quotient graph. Then 

7r(Cl(Q)) = C1(Q/G). 


In particular, 


tt{A{Q)) = A{Q/G). 


Proof. Since Q is Dynkin, {Q, G) is a stable admissible pair and thus it follows from 
corollary 12.251 that we have an inclusion l : Cl{Q/G) —>7r(Cl((5)). Since we know 
(see for example m) that denominator vectors induce 1-1 correspondences 

(5i :C1(Q/G) ^$>_i(g/G), 

^3 : C1(Q) ^$>_i(Q). 

We have a commutative diagram 


C1(Q/G) 


‘i>>-i(Q/G) 


-4C1(Q)) 

S 2 

:7r($>_l(Q)) 


- C1(Q) 

^3 


where the square on the left hand side clearly commutes and the square on the 
right hand side commutes according to theorem 13.81 Since, (52 o t = is a 1-1 
correspondence, 62 is surjective. Let’s now prove that 62 is injective. Fix x,y G 
Cl((5) such that 52 {tt{x)) = 52 {'K{y)). It follows from 13.81 that 7r(^3(a;)) = ■K{5z{y)). 
According to lemma [3. 121 there exists g G G such that Ss^y) = g.d^ix). As 5^{y) 
is an element in $>_i((5), there exists an unique element C1(Q) with denominator 
vector 5z{y) and thus according to lemma [331 this element is g.x. Thus, y = g.x and 
77 ( 7 /) = 77 ( 3 :). It follows that 82 : 77(C1((3))—>77($>_i((3)) is a 1-1 correspondence 
and thus t also. Thus, we have 7r(Cl((3)) = G\[Q/G), which proves the theorem. □ 
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3.4. The affine case. We proved that 7 r(Cl(( 3 )) = C\[Q/G) if Q is a Dynkin quiver 
equipped with a group G of automorphisms. We now prove that if Q is of infinite 
representation type, then the inclusion C\{Q/G) C 7 r(Cl(( 3 )) can be proper. 
Consider the quiver Q of affine type ]D )4 


\ 

-4 

/ 

/ 


equipped with the admissible group of automorphisms {g) where g is the 4-cycle 
g = (2345) G © 5 . It follows from lemma [2.211 that (Q,G) is a stable admissible 
pair. 

The quotient graph Q/G is the valued graph of type h .2 given by 


1 


(4.1) 

6 - 2 


Q and Q/G are both of affine types. The minimal positive imaginary roots are 
respectively 5q = ( 21111 ) and 5q/q = ( 1 , 2 ). 

For every i ^ j {2, 3,4, 5}, we set Mij to be the unique (up to isomorphism) 
indecomposable representation of dimension vector ai + ai + aj. Then the Mij 
are quasi-simple modules in exceptional tubes and = Mrs where {r, s} = 

{2,3,4, 5} \ {i,j}. In particular, we have [Mij, Mrs) ^ 0. 

For every i ^ j £ (2, 3,4, 5}, dimMy is a real Schur root and thus ExtlQ{Mij, Mij) 
0. Theorem 11.21 implies that Xj^i^ is a cluster variable in A{Q). 

We now consider the representation 


0 

M 45 = 0-^ k — k 

1 

k 

If Tr{XM 45 ) i® ^ cluster variable in A{Q/G), then according to corolla, rv l2.251 there 
exists a cluster x = {xi, ..., 0 : 5 } obtained after a sequence of orbit mutations such 
that tt{Xm 4 ^) = T^ixig) for some io € {1,.. • ,5}. According to theorem 11.21 there 
exists an indecomposable rigid object X such that Xig = Xjy. But according to 
theorem l3.81 7 r(dim A^) = 7 r(dimM 45 ) = (1, 2), so X is necessarily one of the Mij. 
According to lemma 12.151 we know moreover that x is a G-invariant cluster and 
thus it follows from corollary 13.71 that Mij is a direct summand of a G-invariant 
cluster-tilting object in Cq. But Extlglg^My, Mij) ^ 0, hence a contradiction. 
Thus, tt{Xm 45 ) G 7 r(Cl(( 5 )) \ C1(Q/G) and 

Cl(g/G) C t(C1 (Q)). 


4. Mutation-finite diagrams 

A skew-symmetrizable matrix A is called mutation-finite if Mut(A) is finite. 
The problem of classifying all mutation-finite matrices is still open and has been 
subject to various developments O [13 [la [II [291 sms]. In the skew-symmetric 
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case, the problem was solved by Felikson, Shapiro and Tumarkin in [H] using a list 
proposed by Fomin, Shapiro, Thurston, Derksen and Owen [nmg. In the skew- 
symmetrizable case, the main result is due to Seven. It states that an acyclic valued 
graph is mutation-finite if and only if it is an affine valued graph, generalizing a 
theorem of Buan and Reiten [4] for the symmetric case. In this section, realizing 
affine valued graphs as quotients of affine quivers, we prove independently of Seven’s 
result that certain affine diagrams are mutation-finite. 

In this section, the key result will be theorem of Buan and Reiten: 

Theorem 4.1 ([5)- Let Q he an acyclic quiver with at least three vertices. Then 
Q is mutation-finite if and only if Q is of Dynkin or affine type. 

We recall that an non-simply laced affine graph is an orientation of on of the 
diagrams listed in figured 


B„(n > 2) : 
C„(n > 2) : 
MCn{n > 2 ) : 

]Bl[Ji„(n > 2) : 


CD„(n > 2) : 

: 

: 


Figure 7. non-simply laced diagrams 



Lusztig proved that any affine non-simply-laced diagram can be realized as a 
quotient of a simply-laced affine by a group of automorphisms. More precisely. 

































30 


G. DUPONT 


Lemma 4.2 ([22l)* Let A be a non-simply-laced valued graph. Then there exists 
an affine quiver Q equipped with a group G of automorphisms such that A = Q/G. 


The list of possible quotients in the Dynkin case is well-known. In the case of 
affine types, we recall the possible quotients in figures IMlTl 


The affine graph 




( 1 . 4 ) 

• - • 


is obtained as a quotient of 


Oi 

I 
I 
I 

]D )4 : I 

I 
1 
1 

04 

by the admissible automorphism group G = 02 . 03 , 04 }- 

Figure 8 . Realizing 



The affine graph 

( 1 . 2 ) ( 2 , 1 ) 
®„(n > 2 ) : •-•-•.•-•-• 

is obtained as a quotient of 



by the admissible automorphism group G = (nr=/(®u^i) 


Figure 9 . Realizing ]B„ 
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The affine graph 

( 2 , 1 ) ( 1 . 2 ) 

C„(n > 2) : 0-1-2.n-2- n-1 - n 

is obtained as a quotient of 


oi bi 



by the admissible automorphism group of automorphisms G = Sai ,02 x 

Figure 10. Realizing C„ 


The affine graph 

( 1 . 2 ) ( 1 , 2 ) 
BC„(n > 2) : •-•-•.•-•-• 

is obtained as a quotient of 


Zl 



Z4 


by the admissible automorphism group 
G = {a{zi, Z3){Z2, Z4),(t{zi, Z4){Z2, Zs)) 
where a = n”= 2 (^*’ Ci). 


Figure 11. Realizing ]BC„ 
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The affine graph 







is obtained as a quotient of 



by the group 
G = {a{zi,Z3){z2,Z4)) 
of admissible automorphisms where a = 


Figure 12. Realizing BID)„ 
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The affine graph 



by the admissible automorphism group G = ((&i, 62 ))- 
Figure 13. Realizing C]D>„ 


The affine graph 


: 


( 1 . 2 ) 


is obtained as a quotient of 
C2 


Cl 


Efi : 


02 


■ Oi 




by the admissible automorphism group G = ((ci, 6 i)(c 2 , 62 ))- 


Figure 14. Realizing 
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The afhne graph 


F 


( 2 ) . 


E 7 : 


( 2 . 1 ) 

• - • ■ 


is obtained as a quotient of 


Oi 


02 

I 


I 

Cl 


I 

C 2 


by the admissible automorphism group G = ( 01=1 Ci)). 


■ 03 

I 

1 

I 

I 

I 

I 

I 

■ C 3 


Figure 15. Realizing F^' 


( 2 ) 


The afhne graph 




( 1 ) . 


(1.3) 


is obtained as a quotient of 

Ol 02 

I 
1 
I 
I 
I 
I 
I 

04-03 

by the admissible automorphism group G = 33 }. 


Figure 16. Realizing G 2 


( 1 ) 


The affine graph 


g(") : 


(3.1) 

• - • - • 


is obtained as a quotient of 
C2 


/ Cl 

/ 


Ek : 


/ / 
02 - Ol — 


\ \ 

— bi - 62 


by the admissible automorphism group G = ((oi, bi, Ci), (02, 62, C2)). 


Figure 17. Realizing G 2 


( 2 ) 


A corollary of theorem 12.241 in the context of mutation-hnite graphs is: 
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Lemma 4.3. Let (A, G) be a stable admissible pair such that A is mutation-finite. 
Then, A/G is mutation-finite. 


Proof. It follows from theorem 12.241 that the map B—>BjG induces a surjective 
map 


Mut‘^(A)—>Mut(A/G'). 

Since Mut‘^(A) C Mut(A), it follows that 

|Mut(A/G)| < |Mut‘^(A)| < |Mut(A)| < oo. 


□ 


Remark 4.4. Note that the converse of lemma [4731 is false. Indeed, if 6, c > 3 are 
integers, then Af,^c is mutation-finite whereas is not. 

As an example of application, we can use this result in order to prove that valued 
affine graphs are mutation-finite. This gives an independent proof to a result of 
Seven [29] . 

Proposition 4.5. A valued graph of Dynkin or affine type is mutation-finite. 

Proof. Let F be a valued graph of finite (resp. affine) type. Then F can be written 
Q/G where Q is a quiver of finite (resp. affine) type and G is an admissible auto¬ 
morphism of Q. In particular, since Q is acyclic, it follows from nronosition 12.231 
that {Q,G) is an admissible pair. According to theorem 14.11 O is mutation-finite 
and thus, it follows from lemma l4!^ that F = Q/G is also mutation-finite. □ 
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